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LETTER TO THE EDITOR 

On the integrability of modified Lax equations 

B A Kupershmidt 
University of Tennessee Space Institute, Tullahoma, TN 37388, USA 

Received 20 June 1989 

Abstract. The modified Lax equations resulting from factorisation of scalar Lax operators 
are shown to commute between themselves. The proof is general and bypasses the Hamil- 
tonian formalism of Lax equations. In particular, the modified KP hierarchy and modified 
generalised Toda lattices are proved to be integrable. 

The purpose of this letter is to show that when one factorises a scalar Lax operator, 
the resulting modified flows commute between themselves even when there is no 
information available on the Hamiltonian structure of the modified equations. Such 
a non-Hamiltonian situation occurs, e.g., when one factorises the Lax operator of the 
K P  hierarchy [ l ] :  

in 

L = t+ uit-i-' 
i = O  

Here 

( = a  = a/ax 

and the mth flow of the K P  hierarchy has the form 

L , = [ ( L " ) + ,  L l = [ - ( L " ) - ,  LI m e N  
where 

In the K P  case, the factorisation ansatz is [2] 

L =  Ill2 or L = 121, 

with 
in 

I I  = 5- U0 1, = 1 + u$-'-I 
i = O  

and the modified motion equations are of the form 

/ I , ,  = ( ( & l 2 ) " ) + 4  - & ( ( 1 2 4 ) " ) +  = b ( ( l 2 h ) " ) -  - ( ( / 1 / 2 ) " ) - 4  

12,, = ( ( / 2 W ) + h  - /2((1112)")+ = / 2 ( ( 4 / 2 ) " ) -  - ( ( / 2 4 ) " ) - l 2 .  

( h l 2 ) ,  = [ ( ( /1 /2 )" )+ ,  4 / 2 1  = [ h h ,  ( (h [2 )") -1  

([211), = [ ( ( 1 2 W ) + ,  / 2 M  = [ I 2 4  Y ( ( ~ 2 W - I .  

These equations are called 'modified' because they imply the equations: 
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In the first non-trivial case m = 2, the equations (7) become [2] 
I 

= f a ' ( u , ) + a ( u , + , ) + u , ( u , - u ~ ) -  1 (-1)' d') . u, - ,a ' (U , -u ;+a(uo) ) .  (9) 
J = o  

The Hamiltonian structure of the modified K P  systems (7) is not known, and its 
determination is far beyond the technical capabilities of the modern Hamiltonian 
formalism; the same conclusion applies to the system (9) and even to its quasiclassical 
(i.e. zero-dispersion) limit: 

;ul,f = a ( u , + , )  - v,a(uo)+iu,- ,a(uI  - 0;). (10) 

If we know both the Hamiltonian structure of the modified equations and the property 
of the factorisation map to be canonical, we can conclude at once that the modified 
flows commute between themselves since their respective Hamiltonians are in invol- 
ution, being pull-backs of the involutive Hamiltonians in the unmodified space. Such 
knowledge is sometimes available [3], but in general it is not [4-61, and it is plainly 
desirable to have a general proof of commutativity of modified flows. Such a proof 
is offered below. 

Let 
n -2  

L = t " +  U$ n E N  (11) 
s = q  

be a scalar Lax operator, with 

q = o  or q = - m  (12) 

P = L " l " = ( " +  ... (13) 

L, = d p ( L )  = [P+, L ]  = [ L, P-] (14) 

let 

be a generator of the centraliser Z ( L )  of L, and let [7] 

be the corresponding Lax equations. Set 

s = q  

with 

Set 

L:= lrlr+, . . . I , - ,  r E ZN. 
r 

Equation (18) defines a ('Miura map') homomorphism 
Set 

P:= &( P) = ( L ) " n  
r , 
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and define the modified Lax equations by the formulae 

ap (L)=P+I r -~ ,  p+  
r r +  I 

= 1, P - - P-I, 

The second equality (20b) follows from the first since 

r E Z,. 
r t l  r 

Plr = I, P 
, F t  1 

which can be seen as follows: 

(I;IPl,)" = [l;'(L)"'"lr]" by equation (19) 
r r 

= I;]( L)"Z, 

= ( I , + ,  . . . l , )  . . . (I,+, . . . I,) = (lrtl . . . l , )m 

r 

= l ; I ( I  r . . .  l r - l ) . . . ( I r . . .  l , - l )  by equation ( 1  8) 

= (  L)" by equation (18) 
r + l  

=[( L)""]" 
r+ 1 

= (  P ) "  by equation (19) 
r t l  

and both I;' Plr and P have the same leading term 5". 
r r t l  

Now, (20b) shows that 
0 r d [ 8 ~ ( I ~ ) ] s n ( r ) - l  

ord Pkek := max{k(pk # 0). 0 where 

In addition, when q =0, (20a)  shows that 

Finally, (20b)  shows that 
Jp(ir) = [8,(1r)I+. 

ap(ur/n(r)-l) = Resf P - PI 
r + l  I 

where 

so that the constraint (17) is preserved by the dynamics. Thus, formulae (20) provide 
well defined equations in the space of modified variables. These are truly modified 
equations since they imply that 
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+ I r . . .  I r - 2 (  P + l r - l - l r - ~ P + )  by equation (20a) 
r -1  r 

= P+Ir. . * l r - ,  - lr . . . I r - 1  P+ 
r r 

= [ P + ,  Ll by equation (18). 
r r  

Now we can show that the modified flows commute between themselves. Let 

Q = L W n  f i € N  

a,(/,)= Q + I r - l r Q +  

be another generator of the centraliser Z (  L ) .  Then, by (20), 

r r + l  

hence, by (24), 

d,(L) =EL, 0-1 
r r r  

thus, by (19), 

d , ( P )  = [ P ,  9-1 
r r r  

so that 

% J ( P + )  = [a , (P) I+  = [ P ,  Q - I +  = [ P + ,  @ I +  
r r r r  r r  

the last equality following from the obvious identity: 

[(  )-, ( ) - I +  =o. 

[ a , , a P l ( l r ) = o  r € z N *  

We want to prove that 

Temporarily denoting I ,  by I, we get 

a,ap( I )  = a,( P+I - I P +) by equation (20a) 
r r+ 1 

= [ p+ 9 9-1 1 + P+( Q+ 1 - I Q +) - ( Q+l - 1 0 + ) p + - I [  P + , Q - I +  
r r  r r  r + l  r r + l  r + l  r + l  r + l  

by equations (26), (29). 

Interchanging Q and P in (32), we obtain 

a d o (  1 )  = [ Q+ t p-I+ I + Q+ ( P+ I - I P +) - ( P+ I - 1 P +) Q + - I [  Q + , P - 1  + . 
r r + l  r + l  r + l  r+l  r r  r r  r+ 1 

Hence, subtracting formula (33) from formula (32) we get 
[a,, ~ p l ( ~ ) = A r l - l A r + 1  



Letter to the Editor 

where 

But, by (301, 

A , = [ P + + P - ,  Q++Q-l+=[P, QI+ 
r r r  r r r  

= [ (L)"/" ,  ( L )  MI"]+ 

= O  

by equations (19), ( 2 5 )  
r r 

so that formula (34) becomes the desired formula (31).  

Remark 1 .  The equations (20) can be written in the matrix Lax form [5 ,8]:  

a,( L )  = [ P + ,  t] = [ E ,  P-] 

where 

- 
L := 

L997 

(35) 

However, we cannot use the theory of matrix Lax equations [7] to prove the commutativ- 
ity of the modified flows, since the matrix operator c (37)  does not belong to the 
general class of regular semisimple matrix differential operators. 

Remark 2. From the proof of formula (31)  it follows that the modified K P  hierarchy 
(7)  is commutative; this fact has not been known previously. 

Remark 3. Exactly the same proof as above applies to modified discrete Lax equations 
from [8, chapter 41. Thus, all discrete modified Lax equations, whether Hamiltonian 
or not, are integrable. 

This work was partially supported by the National Science Foundation. 
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